
The fondamental Croup
'and Corning Spaces .

Recall : A loop in a topologieal space X is a

path that starts and end at the same point x. c- X .

We night call x. a brase point .

Def : the fondamental group of X
relative to the base

point %
, normally dénoted by it, LX, u.), is the set of path

homotopey
classes of loops baset at xo , with the opération *.

Remonte : I
,
LX
, x. ) is sourdines called the first homotopy group .

of X . ( " there is a more general subjectcalled ltomotopytheoy
"

) .

Ex : M UR
"

, x. ) : the fondamental group of the euclideon
n - space is

the trivial
groupe { [ ca

.
] } .

• If f is a Loop in IR" , then the stnaight line

homotopie is a path homotopy between J and and the

constant path at x . .

f- ( x, t ) =L ) -t) fl x) + ta
.

.

• If X is a corner set of IR
"

,
the some apply .

pneùsely the unit Fall

B
"

= { a | ai + -

-
- + x! si } .

bras trivial fondamental group .



Bref : Jet x be a path in X from x
.
to n

, i Define the

map â : %
, (×, %) → FIX ) M)

by the equation
à / [t] ) = [I ] * [ f) * [a] .

I the inverse .

if f- is a loop at xo .

Mon Â * f- * x . is a loop band ata ,

?÷ën
.

Theoreme : The map Â is a group isomorphisme .

proof: Step I : Ô is a homomorphisme

â lit] ) * âcg]) =/[â]* [ f) *[a])
*([â ] * [g] *[d)tÇ*

,

= [à] * [ f-] * [g) * [a] .o = âf *[g])
g.

-
suis 11 show that B that denotes à is the inverse

of Ô . . c-
171¥41

Â ( [ h} ) = [À] * [ h] *[B) = [a] *[h} *là .

Ô ( À [ en] ) = [ à ] * ( [a] * [ h] *[à] ) *④ .

Ils]



And similar by Â lâ f-D) = [f) for all [f)et, Hiro)

Corallarry If X is path Connected and % and x,
are two points of X , then I, IX, no) is

isomorphie to IT (X, q ) .

-

Deal on by with path connected Spaces when
studying

the fundamenta group .

Def : X is simp ly connected if it is a path -
connected space .

f If X , x. ) is the trivial group for some
no ← ✗ , eonsequently for way % e- × .

Ne dcnote

this fact , I, LX, x. ) is trivial , by I, LX, x.)= o .

Lemma
: Suppose ✗ is simply connecte

d. LA f and

g
be two paths in X from x

.
to x

, ,
then f- =p J .

Pnoof : f * j is a loop on ✗ based d- x
. .

-
this loop is path homotopie to a constant loop
due to the fact That X is smiply connected .
[✗ * À] * [B] = [ex. ] * [ B] .

⇒ [ a] = [ B] .



It seem that the fondamental group is a topo
logical invariant , However, we want to prove it formally .

⇒ introduce homomorphisme induced by a continuous
map .

- Suppose h :X >✗ is a continuous map .

that camés the point % c- X to the point

Yo
c- Y.

Notation :
h
: (X

, no ! > H , g.) .

if f is a loop in X based d-% , then

ho f- : I→ Y ai a loop in Y based aty. .

Def : Iet h
: ( X , x. ) ) H , %) be a continuous

map . Define
h
*

:¥ , a.)→ T ( Y, %

by the equation
h
*
:( [ f-3) = [hot]

h
*

ai called homomorphisme esiduced by h , relative
to the base point x. .



-

h is homomorphisme is done to .

IL • f) * (hag ) = h . ( f-* g) .

- ( ha
.
/* : Ti (X) %) > MIX, %) .

- Chu , ) * : IT (X , x. ) → T, H , J , ) .

- _ .

1f x
.
= x then h

* .

Theorem ( functorial properties
If h : ( Xoxo) > (Y, g.) and K :(Y : go )→ Azo)
are continuous , then (Koh)# = K¥0 h* .

If i : (X, x.) > (X, %) is the identify map , then
i.
*
is the identify homomorphisme .

pnoof .
By Definition

( Koh)* ( [ f1) = [(Koh) of] .

(✗* oh* ) ( [ f]) = l'
* 1h# l [ A) = K* [ hot] .

= [ Ko hot] .
Similar ly ,

t'
* ( [ f]/ = [i. f)= [ f] .

Corday : If
I :( ✗ , %) > H, J. ) is a homéomorphisme

of X with X, the h
#
és an isomorphisme of IT ( X, %)

with I
,
/X , Go) .



p.roof . LeE K : ( y, g.) > ( X, x.) be the inverse of ln .

Then K
*
° h
*
= (Koh)* = l'

*
-

,
Me identify map of ( X) %) .

h
*
ok
* =

(hok) * = j * ,
the identify map of

( Y,g.) . Since e.
*
and j * are

the identify homomorphismes

of the groups I, LX, no)
and it ( Y, %) , respectez,

K* is the inverse of h* .

Covering Spaces .

-

Our goal is to Compute some fundamenta groups
that are not trivial .

-
The notion of covering Space

null be one of moot
anipntant tools to carry

this PasK
.

-
Reimann surfaces and Complex manifolds . |Mayor magnat
Judy them) .

Def : Let P : E→ B be a continuous surjective
map .

-
The

open set
U of B is said to be everly

covered by p if the inverse image of p
- ' (U)

can be written as the Union of disjoint open sets
Va in E such that for each x , the restriction of
p to Vx is a homéomorphisme of Vo onto U .



The collection { Va} null be collect a partition of
p
- I ( U) into a liees

¥
-

- -

- (

•

Def : Let P : E > B be a contenions

surjective . If evey point p of
B has a

neighbourhood U that is everly covered by
p , then p is called a covering map ,
and E is said to be a covering space
of B .



Nate I if p : E→ B is a covering map , then
for each be B the subspace

8-
'

(b) of E has the discute Topology .

✓
✗

£

:
p
- ' ( P) t.lk . is one point
therefore this point is open .

Note L : J P : E → B is a conaing map ,
then prison

open map .

that is it seuls open set to open sets .

- Suppose A is open in E .
Given xe P IA) , lhoox

a neighbourhood Notx that is everly covered by p .

- { va } pantin of P" (U) into Slice
-
There is g c- A ST p (Y) = x -

y c- Vps then Vps n A à open
in E f open

in Vps . Pis homomorphisme ointau

plvpn A) es open in
U I hence open

in Be
,

It this
a neighbourhood of a contained in PIA) .

P IA )

• à:*in E

inVB To a home
-

-
-

, morphisme .
⇒ B -



Ex | : Lt X be
any Space

;
leti :X → Y be identify

map -
then l is a covering map ( of the mort trivial soit.

. ht E : ✗ ✗ { 1,2, - - -, n } : n disjoint copy of X .

then the
mag p :(☒ i) = x for all i

E-→ ✗
is also a trivial covering map .

theorem : the map pi IR
'

→ S
'

given by the equation
plat = ( ces 2in , Sin 21in)

is a covering map .

prof .

Mont time
.


