
The Fundemantal Group .

Main problem : Given two topologieal
spaces , we want determine if they are
homéomorphe or not.
what is homéomorphisme?
A homéomorphisme is a function
f :X→Y ( ✗ SY one topologieal spaces)
iff f is continuous bijection and

f- ! Y→ ✗ is also continuous .

EquivalentG : f : ✗→ Y is a bijection
such that flU) is open iff U is open
Infernaly : homéomorphe spaces

have

the same topologieI properties (connectetn
ess

compactness, local compactness, mettiezability - - i) .



- To determine if two topologieal spaces
are homéomorphe , it is enough to construct
a homéomorphisme .

Othermize : It is a different matta .

so what can me do ? find a topologieal

pnopnty that holds for one space but
not for the other .
ese :
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ange,
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compact not compact

for some spaces , the basic topologieal
properties are not enough to show that

they are not homeamor pluie .

⑤



⇒ so
, we mile introduce

,

the Fundamenta Group ofa space .

"

Two
spaces one homéomorphe ,then

they here isomorphie Fundamenta group?

Homot.gr .

Gwen tuto continuous functions f. g :X-il
between two topologiealrpæes ,

a homotopy
from f tag is a continuous function
F : Xx I→ Y
where I

=
[ o, l] such that,

f-(x, o) = f(x)
f Flx, 1) = g IN for all x .



We
soy f and g are homotopie .

rue

dénote it as f- = g.
- If f = g Ss

g is
a constant map ,

then we soy f is null homotopie .

- It is easy
to see that I is Equivalence

relation
. ( easy exercise) .

'

continuous

defamation
of a Junction

Pnoperty : The composition of two homotopie
functions by two homotopie functions
are homotopie . i

. e



If f , f
'

: ✗→Y h
g. g

'
: Y→ 2-

f f- = f ' f g = g
'

then
go f = g

'

of .

pnoof . Jet F : f = f
' h f. g=g

'

Define H = GIH (at) ,t)

for to ; G ( Mln, o) , a) = 61f41, o)
= glflx)) .

and for 1-=L ;
HH (x, i) , 1) = G/ f441 , 1) = J'1f41 .

Thus
,
His a homotopy from goftogof !

ex : suppose B. c IR
" such that Bis

a Convex set
,
and f. g : ✗ → B

where X is a topo logical space



( it is possible for B to be not conven
but the segment connecting f1a) le ga
must lies enfinelgin B) .

In this ease we can define the following
homotopey between the two functions .

H : ✗ ✗I→ B
.

HIX
,
t) = ( l - t) flx) + tglx)

we call H stîaight ligne homotopey
between f 8 g.
( in this case all the functions to a course

set one homotopie) .

Path Homatopy
LA X be a topologiealspace,



a path in X is a continuous function

f :[ •, ☐→ X such that

f10) = xo ← initial point
f ( l) = x , ← final point.

path homotopeg, two paths f. y :I→✗

are said to be path homotopie if they
Lane the same initial point x. lo the same

final point x, , and if there is a continuous

function
F : IxI→ ✗ st

F (s , o ) = f.(s) g
Host) = xo

f- ( s, 1) = g (s) F( I , t) = x ,

fa s, te I.



¥ s

+ es0

f is callet path homotopy and f
is path homotopie tog, devoted by f-=p g.
Lemma : for any point p . q

e X
, =p is

an Equivalence relation on the setof
all paths from p to q . ( Exem:c) .

.

- If f is a path , we shall dénote
ils patte homotopey Equivalence class

by [ f-] .

- for the Lemna , you
need on by the pastig ferma

( glunig lemna) .



ex :
f IR? {o }

g

• > f =p y
h t # h .

Non
, we
null define certain opération on

the classes of path homotopy .

Def ( path product) : LA f.g : I > X

be two paths such that f11) = f10) .
we mile define f- *gars :

f.gcs, = { f12s) for of s Etg .

g. (2s - 1) ta{Est 1
.

÷E=



Using this opération we can violence a
vuell defined opération on path - homotopy
classes

[ f] *[g] = [f*g]
.

-

1et ex dénotés the constant path .

ex : I→✗

ex (t) = a for all t .

-

A path that starts and ends at the
same point is called a loop .

- If f is a loop that starts tends at get
we

soy f is
bared at q . ( q is the base point

of f) .

- MIX, q) will dénote the set ofall

loops based at q . e
.
e UX

, q) .



Properties of (*)
(l) associative ty :

[ f ] * ( [g] * [h])=/[f) *[D) *[h] .

when * is defined for the three paths .

(2) right ln left identities .

If f is a path from x. to x , .

[ f] * [exil = [ f]
and [ e.

.
] * [f] = [f] .

ex :

:#ÏÏE..
exo

(3) Inverse
.

For a path f from no to x,



Define f- : I→ X to be the reverse

of f- f- ( s) = f- ( l - s)

so [ f] * [ À ] = [ca
.
]

and [ À] * [ f-] = [e. , } .

het IT
, ( X, q ) be the set of path

classes of loops based at q .

Under the (*) opération ; 1T, / X, q) is
a group called the fondamental
group of X .


